Abstract. Essential results about actions of compact Lie groups on connected manifolds are generalized to proper actions of arbitrary groups on connected cohomology manifolds. Slices are replaced by certain fiber bundle structures on orbit neighborhoods. The group dimension is shown to be effectively finite. The orbits of maximal dimension form a dense open connected subset. If some orbit has codimension at most 2, then the group is effectively a Lie group.
Introduction
In the rich theory of continuous group actions on manifolds [2] , [9] , [14] , [20] , [28] , [38] , work has traditionally been focused on compact Lie groups. However, Palais [40] already drew attention to the larger class of proper actions, and the structure theory of general locally compact groups [26] is sufficiently well-developed to allow the generalization of many important results. This is the subject of the present paper. Already when actions of compact Lie groups are studied, it is natural to generalize manifolds to cohomology manifolds, which form a class of spaces with better inheritance properties.
Many results for which one aims concern properties of the set of stabilizers of an action. The price to be paid for considering arbitrary locally compact groups rather than Lie groups is that one does not get statements about the full stabilizers but about their identity components. However, this has the benefit that one does not need information about torsion in cohomology. Thus, unlike most of the classical theorems about actions of compact Lie groups, the present results hold not only for actions on cohomology manifolds with respect to integer coefficients but also for actions on cohomology manifolds over fields of characteristic 0, and this is a strictly wider class.
An important preparatory result asserts that sheaf cohomological and covering dimension coincide for coset spaces of locally compact groups (1.1). Turning towards non-transitive proper actions, we show that each point has a neighborhood consisting of points for which the identity component of the stabilizer is, up to conjugation, contained in the stabilizer of the given point (2.8). For proper actions on completely regular spaces, Palais's Slice Theorem [40] is shown to have the following analog (3.8): each n-dimensional orbit has an invariant neighborhood that admits an equivariant fiber bundle projection onto a homogeneous n-manifold. A similar statement holds for infinite-dimensional orbits. The main result (4.11)
Dimension of coset spaces
In this short section, we prove that covering and cohomological dimension coincide for coset spaces of locally compact groups, and we show when finite-dimensionality of such a coset space implies finite-dimensionality of the group. Note that in our terminology, the definition of (local) compactness includes the Hausdorff separation axiom.
Finite-dimensional spaces are the main interest of this paper. Therefore, we need to provide a notion of the dimension of a topological space. Prominent dimension functions are covering dimension (dim) and small and large inductive dimension (ind and Ind; see, e.g., Engelking [23] ). These functions take their values in Z ≥−1 ∪ {∞}. (Hofmann and Morris [25] have recently defined a cardinal-valued dimension function and studied its behavior on coset spaces of locally compact groups.) The three dimension functions, dim, ind, and Ind, do not agree in general, but they coincide for coset spaces of locally compact groups with respect to closed subgroups, as was proved by Pasynkov [41] (cf. Skljarenko [46, Theorem 9] ). One can also use cohomology over some ring R to define the cohomological dimension (dim R ) of a topological space. As we will see in Proposition 1.1, this coincides with the classical dimension functions on coset spaces of locally compact groups.
We will often use the following sum formula for the dimension of coset spaces of locally compact groups, which is due to Skljarenko [46, Theorem 10] . Let G be a locally compact group, and let H and K be closed subgroups of G such that K ⊆ H. Then (1) dim
One of the most important facts about locally compact groups is that they can be approximated by Lie groups. To be precise, let G be a locally compact group such that the quotient G/G 1 of G by its identity component G 1 is compact. Then G has arbitrarily small compact normal subgroups N such that G/N is a Lie group. If, moreover, the dimension of G is finite, then every sufficiently small closed subgroup of G is zero-dimensional. This was proved by Yamabe [50] and by Gluškov [24, Theorem 9] ; see also Montgomery and Zippin [38, Chapter IV] and Kaplansky [29, II.10, Theorem 18] . Since being a Lie group is an extension property, if N 1 and N 2 are compact normal subgroups of G such that G/N 1 and G/N 2 are Lie groups, then so is G/(N 1 ∩ N 2 ) (cf. [24, 1.5] ).
For the following proposition, recall the notion of the dimension dim R X of a topological space X with respect to sheaf cohomology over a base ring R. For locally compact spaces X, this dimension is characterized by the fact that for any integer n ≥ −1, the inequality dim R X ≤ n holds if and only if H n+1 c (U ; R) vanishes for all open subsets U ⊆ X, where H * c (U ; R) denotes the cohomology of the constant sheaf with stalks R on U with respect to compact supports. For further information, the reader is referred to Bredon [16] , Section II.16.
Proposition 1.1 (Cohomological and covering dimension). Let H be a closed subgroup of a locally compact group G, and let R be any ring. Then dim R G/H = dim G/H.

Proof.
Since G/H is paracompact (see, e.g., Bourbaki [10, Ch. III, §4, Prop. 13]), we have the inequality dim R G/H ≤ dim G/H (Bredon [16, II.16.34] ). On the other hand, if dim G/H ≥ n, then G/H contains a homeomorphic image of [0, 1] n by Theorem 9 of Skljarenko [46] , so that dim R G/H ≥ n by [16, II.16.8 and II.16.28] . This yields the opposite inequality: dim R G/H ≥ dim G/H. (c) Let K be a transitive permutation group on a set S, and equip both K and S with the respective discrete topology. Then there is an effective coset space of the semi-direct product G : = T S K that is homeomorphic to S 1 × S and hence a one-dimensional manifold, while the dimension of G may be arbitrarily high and even infinite. For the case that the coset space is connected, the natural transitive action of the group SO n+1 R on the n-sphere S n shows that the upper bound for dim G is sharp. 
Theorem 1.2 (Transitive actions on finite-dimensional spaces). Let G be a locally compact group, and let H be a closed subgroup of G. Suppose that the coset space G/H has finite dimension n ∈ N 0 and that the action of G on G/H is effective. Let
1 is compact and hence G 0 can be approximated by Lie groups. We study the action of G 0 on G/H. The natural map from G 0 onto the orbit G 0 .gH is open, so that the action of G 0 on G 0 .gH is equivalent to the action on a coset space. Skljarenko [46, Theorem 5] has shown that G 0 is effectively finite-dimensional on G 0 .gH. Since the orbits of G 0 in G/H are all open, they are all closed. In particular, every connected component of G/H is contained in a G 0 -orbit. By Remark 1.3, the space of connected components of G/H is compact, which entails that the number of G 0 -orbits in G/H is finite. Therefore, the finiteness of dim G = dim G 0 is a consequence of the following fact: if N 1 , N 2 ≤ G 0 are closed normal subgroups of finite codimension, then the codimension of (1) and because N 1 /(N 1 ∩ N 2 ) admits a continuous injection into G 0 /N 2 (use cohomological dimension and see Bredon [16, IV.8.4] ). Now suppose that G/H is connected and that H is compact. Then the action of G 0 on G/H is transitive, and it is equivalent to the action of G 0 on a coset space because G 0 is open in G. Therefore, we may assume that G 0 = G.
Let N be a zero-dimensional compact normal subgroup of G such that the quotient G/N is a Lie group. The coset space HN/H is zero-dimensional because it is a homogeneous space of N . By Skljarenko's sum formula (1) , this shows that dim G/HN = dim G/H. It also implies that (HN ) 1 = H 1 , whence the transitive action of the Lie group G/N on G/HN is almost effective (i.e., its kernel is totally disconnected). Therefore, we may even assume that G is a Lie group. The action of the compact Lie group H on the connected manifold G/H is not transitive. Hence all orbits of H in G/H have dimension at most n − 1 by domain invariance (see, for instance, Bredon [15, IV.19.9] ). A result due to Montgomery and Zippin [38, 6.3 
Neighboring orbits of proper actions
From now on, our attention is focused on proper actions, which generalize actions of compact groups. In the remaining sections, we treat actions on general topological spaces, on completely regular spaces, and, finally, on (cohomology) manifolds.
In proper actions, the definition of which will soon be recalled, stabilizers depend semi-continuously on points (2.2), and a similar statement holds for the kernels of the restricted actions on single orbits (2.4). Stronger results hold for proper actions of locally compact groups. Using a small generalization of a classical theorem of Palais about proper actions of Lie groups (2.7), the main result of this section (2.8) studies proper actions of general locally compact groups and describes the behavior of stabilizers and kernels in a neighborhood of a finite-dimensional orbit. Two corollaries conclude the section.
Let us turn to the definitions. Since it appears to be textbook tradition to consider proper actions on non-Hausdorff spaces as well, we call a topological space quasi-compact if every open covering has a finite subcover, so that a (locally) compact space is a (locally) quasi-compact Hausdorff space. A continuous map f : X → Y is called proper if it is closed and all points of Y have quasi-compact pre-images. This implies that the pre-image of every quasi-compact subset of Y is quasi-compact; if Y is locally compact, then the reverse implication holds as well. For example, if a quasi-compact group N acts continuously on a topological space X, then the orbit projection X → X/N is a proper open map.
A continuous action of a topological group G on a topological space X is called
Proper maps and actions are described by Bourbaki [10, Ch. I § 10, Ch. III § 4]; see also tom Dieck [20, I.3] . We recall the most important elementary properties of a proper action of G on X. The orbit space X/G is always a Hausdorff space, and if G satisfies the Hausdorff property, then so does X. All stabilizers are quasi-compact, and for each x ∈ X, the map g → g.x: G → X is proper, so that the natural bijection of G/G x onto G.x is a homeomorphism onto a closed subspace of X. A subgroup H ≤ G is quasi-compact if and only if the action of G on the coset space G/H is proper. A continuous action of a locally compact group G on a Hausdorff space X is proper if and only if for all x, y ∈ X, there are neighborhoods V x of x and V y of y such that {g ∈ G | g.V x ∩ V y = ∅} is relatively compact in G. In particular, every continuous action of a compact group on a Hausdorff space is proper. A continuous action of a Hausdorff group G on a locally compact space X is proper if and only if for each compact subset K ⊆ X, the closed subset {g ∈ G | g.
Note that a Hausdorff group that acts properly on a nonempty (locally) compact space is (locally) compact.
In the investigation of neighboring orbits, the following characterization of proper actions is most useful: a continuous action is proper if and only if its stabilizers are quasi-compact, and the set of group elements that map one point to another depends semi-continuously on that pair of points. Writing U(S) for the neighborhood filter of a subset S of a topological space, we formulate this characterization precisely: 
has quasi-compact fibers if and only if all stabilizers are quasi-compact. Suppose that this condition is satisfied. As we will show, condition (2) is then equivalent to
and this holds if and only if θ is a closed map. Indeed, assume (2) , choose x, y ∈ X, and let U be a neighborhood of
Since this fiber is quasi-compact, there are neighborhoods U of {g ∈ G | g.x = y} and V x of x such that U ×V x ⊆ U . According to (2) , there are neighborhoods V x of x and V y of y such that {g ∈ G | g.
which shows that (3) holds. Conversely, if x, y ∈ X and U is a neighborhood of {g ∈ G | g.x = y}, then (3) implies that there are neighborhoods V x of x and V y such that θ −1 (V x × V y ) ⊆ U × X, which entails (2). Now assume (3), let A be a closed subset of G× X, and choose (x, y)
and θ is a closed map. Conversely, assume that θ is closed, pick x, y ∈ X, and let U be an open neighborhood of θ −1 (x, y).
Setting x = y in (2), we obtain semi-continuous dependence of stabilizers on points: Corollary 2.2 (Close points have close stabilizers). Let G act properly on a space X, choose a point x ∈ X, and let U be a neighborhood of the stabilizer G x of x. Then x has a neighborhood V such that U contains the stabilizers of all points in V :
From now on, we will always assume the Hausdorff separation property. In this setting, there is an analogous result for kernels of the actions on neighboring orbits. In order to deduce this from Corollary 2.2, we need a lemma about uniform spaces. For the sake of simplicity, it will be formulated as a statement about topological groups. 
Proof. We may assume that U is open in G. By compactness, there is a finite subset
Then C is compact, the subset D is closed, and C ∩ D = ∅, whence there is a neighborhood V of 1 in G such that the neighborhood 
we find a neighborhood W of 1 ∈ G and a finite subset F ⊆ G such that
We record another consequence of Lemma 2.3. . It remains to see that the product topology on G is finer than the given topology. To achieve this, choose g 0 ∈ G, and let U be a neighborhood of g 0 in G with respect to the given topology. For each x ∈ X, set K x : = {g ∈ G | g.x = g 0 .x}. The intersection of these compact sets is {g 0 } because the action is effective. By Lemma 2.3, we can choose an identity neighborhood V in G and a finite subset
Corollary 2.5 (Comparison of group topologies
and it is open with respect to the product topology. Remark 2.6. (a) Since we followed the tradition and admitted non-Hausdorff groups in the first results about proper actions, it may be interesting to note that already the preceding three results break down without the Hausdorff hypothesis. Indeed, topologize the symmetric group G : = S 3 in such a way that G and its three-element subgroup are the open identity neighborhoods, let H ≤ G be a subgroup of order 2, and let X be the quotient space of G/H × [0, 1] obtained by identifying, for each t ∈ ]0, 1], the set G/H × {t} to a point. Then the natural action of G on X is proper by Proposition 2.1, but it does not satisfy the conclusion of Lemma 2.4, and the compact-open topology on G is indiscrete.
(b) For the sake of completeness and comparison with results given in the monograph by Montgomery and Zippin [38] , we note that analogs of Corollary 2.2 and Lemma 2.4 hold for the identity components of stabilizers and kernels. This is due to the following topological fact: if H is a locally compact (hence closed) subgroup of a Hausdorff group G and U is a neighborhood of the identity component 
Stronger results hold for proper actions of locally compact groups if we suppose that the group is a Lie group (Proposition 2.7) or if we restrict our attention to identity components (Theorem 2.8).
Proposition 2.7 (Stabilizers in proper actions of Lie groups). Let a Lie group G act properly on a space X, choose a point x ∈ X, and let U be a neighborhood of the identity element in G. Then there is a neighborhood V of x such that all stabilizers of points in V are conjugate to subgroups of the stabilizer G x by elements of U :
Proof. Choose a point x ∈ X. Since the stabilizer G x is compact, a result by Montgomery and Zippin [37] shows that G x has a neighborhood W such that every subgroup of G contained in W is conjugate to a subgroup of G x by an element of U . (Palais [40, 4.2] later re-proved this as a corollary to his Slice Theorem.) By Corollary 2.2, there is a neighborhood V of x such that all stabilizers of points in V are contained in W .
Under the additional condition that X is completely regular, the preceding result is due to Palais [40, 2.3, Corollary 2]. If we had not recorded the present easy generalization, we would have to assume complete regularity for the remainder of this section, which would be sufficient for the purposes of this paper.
Theorem 2.8 (Stabilizers in proper actions of locally compact groups). Let G be a locally compact group acting properly on a space X, and suppose that the orbit G.x of x ∈ X has finite dimension. Let U be a neighborhood of the identity element in G.
Then there is a neighborhood V of x such that all identity components of stabilizers of points in V are conjugate to subgroups of the stabilizer G x by elements of U :
In particular, the relations dim
, the main assertion can be proved within the identity component.
Hence Theorem 1.2 implies that the group G 1 /K has finite dimension. Therefore, the compact subgroup K is contained in a compact normal subgroup N of G 1 such that the quotient G 1 /N is a Lie group and N/K is zero-dimensional. In other words, the identity component N 1 is contained in K and hence in (G 1 ) x . This means that the orbit N.x is zero-dimensional.
The natural action of G 1 on the orbit space X/N factors through an action of the Lie group G 1 /N . Both actions are proper, and we will apply Proposition 2.7 to the latter. For y ∈ X, the stabilizer of 
Skljarenko's sum formula (1) yields
Moreover, we find that
In actions of compact non-Lie groups, the full stabilizer can "jump up", and even its identity component can do the same when the orbit dimension is infinite. Montgomery and Zippin [36, p. 786 ] describe an example which proves the first half of this assertion, and an example for the second half can be constructed along the same lines (see [4, 2.1.16] 
for details).
We finish this section with some immediate consequences of Theorem 2.8. 
Corollary 2.9 (Orbits of maximal dimension
The last claim follows from Theorem 1.2 on transitive actions.
Corollary 2.10 (Uniform orbit dimension). Let G be a locally compact group acting properly and effectively on a connected space X, and suppose that all orbits have the same finite dimension k. Then the identity components of all stabilizers are conjugate, the action of G on every single orbit is almost effective, and the dimension of G is at most k+1
2 . Proof. Skljarenko's sum formula (1) yields the equations dim G 1 = dim G and dim G
1 .x = dim G.x for every point x ∈ X. Since the conclusions of the corollary follow for G once they are proved for the identity component G 1 , we may assume that G is connected.
Choose a point x ∈ X, and set
Then Y is an open subset of X by Corollary 2.9. If z is a point on the topological boundary of Y , then z ∈ Y by the same corollary. Thus Y is closed as well, and Y = X by connectedness. Hence
As in the proof of Theorem 2.8, we find that the identity component of the kernel of the action on G.x satisfies
Since this is the same for every orbit and G acts effectively, we conclude that (G [G.x] ) 1 = 1, so that the action of G on G.x is almost effective. Using the assumption that G is connected, we conclude from Skljarenko's sum formula (1) and Theorem 1.2 that 
1 is as large as possible. This choice allows them to infer that
is an open subset of X. They claim without any further argument that Y coincides with the fixed point set of (G [G.x] ) 1 . This would imply that Y is closed, so that Y = X by connectedness, which finishes the proof.
In spite of this lapse, it should be emphasized that Section 6.2 of the classic book by Montgomery and Zippin [38] has provided much inspiration for the present material and, in particular, for Theorem 2.8.
Slices
A fundamental result for proper actions of Lie groups on completely regular spaces, due to Palais [40] , asserts that every orbit is an equivariant neighborhood retract. In the main result of this section (3.8), we drop the Lie hypothesis from this situation. Then every orbit has an invariant neighborhood that admits an equivariant fiber bundle projection onto a homogeneous manifold; if the orbit dimension is finite, then that manifold may be chosen of the same dimension, and its dimension can be arbitrarily high if the orbit dimension is infinite. We also observe (3.2) that such an orbit neighborhood is equivariantly homeomorphic to a twisted product.
Let G be a Hausdorff group, and let H ≤ G be a closed subgroup that acts on a Hausdorff space A. Then H acts freely on 
Our interest in twisted products lies in the fact that for a locally compact group G, every G-equivariant map onto a coset space of G is of this form (Proposition 3.2). Thus twisted products provide a concrete description of such equivariant maps. For their elementary properties, see Bredon [14, I.6] or tom Dieck [20, I.4] . We add the following observations.
Lemma 3.1. Let G be a Hausdorff group, and let H be a closed subgroup that acts on a Hausdorff space A. Then the following assertions hold:
(a) The free action of (b) The fiber through (g, a) ∈ C × A of the restriction pr | C×A is the set
, which is compact. The saturation of a closed subset F ⊆ C × A under the action of H on G × A is the image of the closed set H × F under the concatenation
where the second map is the inclusion, the fourth map is the product projection, and the first and third maps are the indicated homeomorphisms. This concatenation is proper because it is a composition of proper maps. Hence pr | C×A is a closed map. 
is a continuous map with continuous inverse 
The subset S is invariant under H, the subset G.S ⊆ X is open, and
is a homeomorphism. Note that if G → G/H has local cross sections (e.g. if the dimension of G/H is finite), then ϕ : G.S → G/H is a locally trivial fiber bundle with fiber S. Another fact which will be used is that an open H-invariant subset of an H-slice is an H-slice.
Let G be a locally compact group acting properly on a completely regular space X such that the orbit space X/G is paracompact. Assume that G/G 1 is compact, and let K be a maximal compact subgroup of G. Abels [1] has constructed a global Kslice S in X for the action of G, i.e. a G-equivariant homeomorphism from G × K S onto X. As G/K is homeomorphic to some euclidean space, this implies that X is a trivial fiber bundle over G/K, i.e., homeomorphic to G/K × S. The purposes of the present paper, on the other hand, require the construction of (non-global) H-slices for which H is as small as possible. It turns out that we do not need any assumptions on X/G and G/G 1 .
Lemma 3.4.
Let G be a locally compact group such that G/G 1 is compact, let H ≤ G be a closed subgroup, and let N be the set of compact normal subgroups of G such that the factor group is a Lie group. If
Proof. By Skljarenko's sum formula (1), the dimension of N 1 H/H is strictly positive. Therefore, the stabilizer N 1 ∩H of H under the action of N 1 on this space does not contain the identity component N 1 1 , so that there is a neighborhood
is not contained in N 2 H, so that it acts nontrivially on N 1 H/N 2 H. Hence the dimension of this space is strictly positive, and the assertion follows from Skljarenko's sum formula (1).
Lemma 3.5. If H is a compact subgroup of a totally disconnected locally compact group G, then every neighborhood of H contains an open subgroup
Proof. Since H is compact, it suffices to consider neighborhoods of the form U H, where U is an identity neighborhood in G. Since G/H is totally disconnected, we may assume that U H is compact and open in G. Then there is an identity neighborhood V in G such that V ⊆ U and U HV ⊆ U H, whence U HV H ⊆ U H.
By induction, we find that (V H)
n ⊆ U H for each n ∈ N. Therefore, the subgroup of G that is generated by V H ∩ (V H) −1 is contained in U H, and it is open and contains H. 
Proof. Proposition 2.1 allows us to choose an open neighborhood
V of x in X such that {g ∈ G | g.V ∩ V = ∅} ⊆ G 0 .
Since we can replace V with H.V , we may assume that V is H-invariant. Then S : = S ∩ V is also H-invariant, and it is open in S and thus an H-slice for G 0 . To show that it also is an H-slice for G, observe that G.S = G.(G 0 .S ) is open in X, so that it remains to prove that ϕ : G.S −→ G/H g.s −→ gH
is a well-defined continuous map. The basic reason for this is that G.S is a disjoint union of G-translates of G 0 .S . To be precise, suppose that g.s = g .s , where g, g ∈ G and s, s ∈ S . Then
For the same reason, the restriction ϕ| G0.S is continuous, which entails continuity of ϕ at g.s (with g ∈ G and s ∈ S ). Indeed, if x is an element of the open neighborhood gG 0 .S of g.s, then g −1 .x ∈ G 0 .S and ϕ(x ) = gϕ(g −1 .x ) depends continuously on x .
Proposition 3.7. Let G be a locally compact group acting properly on a completely regular space X. If x ∈ X and N is a compact normal subgroup of G such that G/N is a Lie group, then x is contained in a G x N -slice for the action of G on X.
Proof. For N = 1, i.e., for proper actions of Lie groups, this is the main result of Palais's seminal paper [40, 2. 
Theorem 3.8 (Existence of slices). Let G be a locally compact group acting properly on a completely regular space X, and choose x ∈ X. Then there is a convergent filter basis N that consists of compact subgroups of G normalized by G x such that for every N ∈ N, the coset space G/G x N is a manifold and x is contained in a G x N -slice for the action of G on X. In particular, some neighborhood of the orbit G.x is a locally trivial fiber bundle over the manifold G/G x N . The dimension of G.x is infinite if and only if N ∈ N may be chosen such that the dimension of G/G x N is arbitrarily high. If the dimension of G.x is finite, then N ∈ N may be chosen in such a way that
Note the relation between this result and Theorem 2.8 about neighboring orbits of a proper action on an arbitrary topological space. If that space is completely regular, then the conclusions of Theorem 2.8 are consequences of Theorem 3.8.
Proof. Let U ⊆ G be a compact neighborhood of G x . When we apply Lemma 3. Remark 3.9. Let G be a second countable locally compact group acting continuously on a metrizable space X. As a consequence of Theorem 3.8, if the action of G on X is proper and the orbit space is metrizable, then the action is proper in the sense of the Baum-Connes conjecture (see Baum, Connes, and Higson [3] ). The reverse implication also holds. Details can be found in [7] .
Orbits in cohomology manifolds
The main result of this section (4.11) describes the orbits of highest dimension under a proper effective action on a cohomology manifold and gives an upper bound for the group dimension in terms of the orbit dimensions. If some orbit has codimension at most 2, then the group is a Lie group (4.13). This is prepared by the proof of continuity of induced actions in cohomology (4.2) and by a result on change of rings for cohomology manifolds (4.6).
We will use sheaf cohomology with compact supports and constant coefficients, which agrees with both Alexander-Spanier andČech cohomology on locally compact spaces; see Bredon [16, III.2.1 and III. 4.12] .
Let G be a connected group acting effectively on a Hausdorff space X, and let N be a totally disconnected compact normal subgroup of G. Then there is an induced . This implies that every member of Φ is paracompact. Since X is locally compact, every member of Φ has a neighborhood that belongs to Φ. Thus Φ is a paracompactifying family of supports [16, I.6.1] .
We will use a certain continuity property of the cohomology of subspaces of U × X with supports in Φ. Let N be the collection of sets of the form V × X where V is a closed neighborhood of 1 in U , and set X 1 : = {1} × X = N . For (Note that Φ ∩ X 1 is just the family of compact supports on X 1 .) The restriction of the product projection pr 1 : U × X → U to an arbitrary element F ∈ Φ is a proper map. In particular, the image pr 1 (F ) is closed in U . Moreover, the topology of U is regular. Hence if F ∈ Φ is disjoint from X 1 , then there is an element N ∈ N such that F ∩ N = ∅. Since X 1 and all members of N are closed subsets of U × X and Φ is a paracompactifying family of supports on U × X, Bredon [16, II.10.6] proves that the direct limit map θ is an isomorphism. In particular, if two cohomology 
Then the action of the group element g on X is given by ω • i g , whence its action on H * c (X; A) is given by i g * •ω * . Choose g ∈ V . Then i g factors as the corestriction For compact connected groups G, this corollary is due to Bredon, Raymond, and Williams [17, 2.2]. Bredon [16, II.11.11] gives a different proof of this special case, to which the present proof of Theorem 4.2 owes much inspiration.
In order to state a local analog of the global Theorem 4.1, we need the notion of a cohomology n-manifold over a principal ideal domain R. This is a locally compact space X with dim R X < ∞ that is cohomologically locally connected in every degree and satisfies
Here H i (X; R) x is the i-th local homology group of X at x with respect to Borel-Moore homology, the definition of which can be found in Bredon's monograph [16, Section V.3] . The cohomological local connectivity condition means that for each degree i ∈ N 0 and for each point x ∈ X, every neighborhood U of x contains a neighborhood V of x such that the inclusion of V into U induces the zero mapH Note that a cohomology n-manifold X over R satisfies dim R X = n by [16, V.16.8] .
Topological n-manifolds are examples of cohomology n-manifolds. A nonmanifold example is the open cone over an (n − 1)-manifold which is not a sphere but has the R-cohomology of an (n − 1)-sphere. Thus the open cone over a real projective space of odd dimension n > 1 is a cohomology (n + 1)-manifold over each field of characteristic different from 2 (but not over Z or over Z/2). Other non-manifold examples are provided by fixed point sets of elementary abelian or torus groups acting on manifolds and by cartesian factors of manifolds.
The main reference for cohomology manifolds is [16] , in particular, Section V.16. An overview is given in Section 1.2 of [4] . The characterization of manifolds among cohomology manifolds is a hard open problem; see Bryant et al. [18] .
As announced at the end of the introduction to Section 4, the property of being a cohomology manifold over a field of characteristic 0 is inherited by certain orbit spaces. [42] ). Let N be a second countable totally disconnected compact group that acts on a connected orientable cohomology n-manifold X over some field F of characteristic 0. Suppose that the action of N on H n c (X; F ) is trivial. Then X/N is an orientable cohomology n-manifold over F . Remark 4.5. When we apply Raymond's Theorem 4.4 in the proof of Lemma 4.12, we will use Theorem 4.2 in order to choose the group N in such a way that its action on H n c (X; F ) will be trivial. The group will be second countable because it will be contained in a locally compact connected group of finite dimension (see Skljarenko [46, Theorem 18] ).
Theorem 4.4 (Raymond
We do not want to restrict our investigation to the case of orientable cohomology manifolds. If a cohomology manifold is not orientable, Bredon [12] has constructed an orientable covering (which may have infinitely many sheets), and under certain conditions, continuous actions on a non-orientable cohomology manifold are uniquely covered by orientation-preserving actions of the same group on the orientable covering ([12, 6.1]; cf. Bredon [14, I.9.4] ). Unfortunately, these conditions are not satisfied in our situation, and a suitable more general development [13, Section III] was later found to be "irretrievably incorrect" (Bredon [16, V.9.6]). Our solution to the problem of non-orientability is to apply Raymond's Theorem 4.4 to orientable open subsets. Thus we can only derive "local" properties of an action from the corresponding properties of the action of a Lie group.
A different solution is available in the case of actions on compact cohomology manifolds. For this fact and further comments, see Remark 4.15 at the end of this paper.
Proposition 4.6 (Change of rings)
. Let X be a cohomology n-manifold over some principal ideal domain R, and let S be a principal ideal domain that is also a unital R-module. Then X is a cohomology n-manifold over S. If X is orientable over R, then X is orientable over S.
Proof. For any locally compact space U , there is a natural exact Universal Coefficient Sequence (Bredon [16, II.15.3 
(Note that H i (X; S) x does not depend on whether S is considered as a module over R or over S because X is cohomologically locally connected over R; see [16, V.12.10 and V.15.1].) If X is orientable over R, then the above Universal Coefficient Sequence in cohomology shows that X is orientable over S. Corollary 4.7. Every (orientable) cohomology n-manifold over Z is an (orientable) cohomology n-manifold over any principal ideal domain. Every (orientable) cohomology n-manifold over a principal ideal domain R is an (orientable) cohomology n-manifold over the field of fractions of R.
The first assertion of this corollary is due to Borel et al. [9, I.4.5] . Conversely, let X be a locally compact space that is cohomologically locally connected over Z, and assume that X is a (orientable) cohomology n-manifold over Q and over every prime field. Then X is a (orientable) cohomology n-manifold over Z. Together with the second assertion of the preceding corollary, this is a part of the main result of a paper of Raymond's [43] .
Consider the action of the circle group T ⊆ C on the complex projective plane
The fixed point set is the disjoint union of a point and a 2-sphere. The next theorem shows that this situation is typical for torus actions. This theorem also holds for actions of compact connected abelian groups on cohomology manifolds over fields of characteristic 0. Details of the proof, which follows the spirit of the present paper, and similar fixed point theorems for actions on cohomology spheres can be found in [6] .
Proof. Except for the assertion about triviality of the action, this is Theorem V.3.2 of Borel et al. [9] . If F is a connected component of Fix(T r ; X), then F has interior points if and only if dim R F = n (Bredon [16, V.16.18] ). By Invariance of Domain [16, V.16.19] , this holds if and only if F is open in X, and this is equivalent to triviality of the action because F is also closed and X is connected.
We prepare our main result by a theorem that generalizes some of the main ideas of Bredon's paper [11] from actions of compact groups on manifolds to proper actions on cohomology manifolds. Bredon's use of local Lie groups is, at the same time, replaced with our Slice Theorem 3.8.
As a comment on the hypotheses of the following theorem, we remark that for locally compact connected spaces, metrizability is equivalent to the second axiom of countability, i.e., the existence of a countable basis. Indeed, if a locally compact space is second countable, then Urysohn's Metrization Theorem applies (see , and this space is second countable because so is S 0 (see [21, XII.5.2] [45, 96.31] . In particular, the orbit N S0 .x is a manifold, and so is N.x because it contains N S0 .x as an open subset. By Proposition 3.2, the orbit G.x is a locally trivial fiber bundle over G/G x N with fiber N.x. We conclude that G.x ≈ G/G x is a manifold. In particular, the space G/G x is locally connected for each x ∈ X. It follows that G is a Lie group (see Bredon [11, Lemma 1] ). In this situation, however, the space X need not be locally Euclidean around points of the complement X \ Y . Indeed, let I ∼ = A 5 be an icosahedral subgroup of SO 3 R. Then SO 3 R/I is a cohomology 3-sphere that is not simply connected. Its suspension (i.e., double cone) is a compact cohomology 4-manifold over Z that is not a manifold, and it carries an effective action of the group SO 3 R × Z/2. 
The theorem breaks down if X is not connected. This is shown by suitable effective actions of (possibly infinite-dimensional) torus groups on disjoint unions of circles.
If G is a compact Lie group and R = Z, then the theorem follows from work by Yang [51] (cf. Borel et al. [9, Chapter IX]). In its present form, it rests on the following result, the proof of which partly follows a remark by Raymond [42, p. 6] . Proof. In the first part of the proof, assume that G is a Lie group. Corollary 2.9 shows that Y is an open subset of X. In particular, it is disjoint from its boundary ∂Y . For natural numbers u and v, set
Our first aim is to show that dim R B u,v ≤ n − 2. Choose x ∈ B u,v . Palais's Slice Theorem [40, 2.3 .3] yields a G x -slice S in X that contains x. By Proposition 3.2, the space G.S is a locally trivial fiber bundle over G.x with fiber S, and B u,v ∩ G.S is a locally trivial fiber bundle over G.x with fiber B u,v ∩ S. In particular, we note that S is a cohomology manifold of dimension u over R (see Bredon [16, V.16.11] ). Hence the connected component of x in S is open in S, and it is invariant under G x , so that we may suppose that S is connected. If (u,v) , and we find a pair (s, t) < (u, v) such that K ⊆ B ≤(s,t) and hence
where the last inequality holds by the choice of (u, v). Now B ≤(u,v) is the disjoint union of B <(u,v) and B u,v , whence [16, p. 170, no. 11] yields that
We conclude that dim R ∂Y ≤ n − 2. Thus the lemma has been proved under the assumption that G is a Lie group. Now assume that G is not a Lie group. Let x 0 ∈ ∂Y be an arbitrary point. We will construct a G-invariant connected open neighborhood U of x 0 in X and a totally disconnected compact normal subgroup N of G such that G/N is a Lie group and the orbit space U/N is a cohomology n-manifold over R. Then for any point x of U , Skljarenko's sum formula for the dimension of coset spaces of locally compact groups [46, Theorem 10] Proof of Theorem 4.11. Skljarenko's sum formula [46, Theorem 10] implies that dim G
1 .x = dim G.x for every x ∈ X. Hence the theorem follows for the action of G if it can be proved for the action of the identity component G 1 . Therefore, we will assume that G is connected. In the first part of the proof, we will also assume that the dimension of G is finite, so that we can apply Lemma 4.12.
Corollary 2.9 yields that Y is open in X. Therefore, the complement of ∂Y in X is the disjoint union of the open sets Y and X \ Y . Since dim R ∂Y ≤ n − 2, the complement X \ ∂Y is connected (Bredon [16, V.16.20] ). Hence X \ Y is empty. Thus Y is dense in X and connected, and the dimension of X \ Y = ∂Y over R is at most n − 2. This proves (a).
The action of G on the dense subset Y of X is effective. Therefore, assertions (b) and (c) follow from Corollary 2.10, which also shows that the identity components of stabilizers of points in Y form a single conjugacy class. Let x ∈ X be an arbitrary point. Using again that Y is a dense subset of X, we infer from Theorem 2.8 that G x has a subgroup that is conjugate to (G y ) 1 for some y ∈ Y . In other words, there is an element g ∈ G such that (G y ) 1 ⊆ gG x g −1 = G g.x . Moreover, we have seen that this can be achieved for an arbitrary point y of Y , which proves (d).
To complete the proof of Theorem 4.11, assume that G is a connected group of infinite dimension. We have already seen that any closed finite-dimensional subgroup of G has dimension at most k+1 2 . The Mal'cev-Iwasawa Theorem (see Hofmann and Terp [27] ) yields a maximal compact subgroup K of G that is connected and has infinite dimension. The structure theory of compact groups shows that there is a totally disconnected normal subgroup N of K such that K/N is isomorphic to the product over a (necessarily infinite) family of compact connected Lie groups (see Hofmann and Morris [26, 8.15 and 9.24] ). We conclude that K contains closed subgroups of arbitrarily high dimension, which is a contradiction. Note that a one-dimensional solenoid can act effectively on the cartesian product S 1 × N. For a compact group acting on a second countable connected cohomology manifold over Z of finite covering dimension, the corollary is due to Raymond [42] .
Proof. Theorem 4.11 yields that the action of G on the connected subset Y ⊆ X formed by the orbits of minimal codimension is effective. Therefore, the corollary follows from Theorem 4.9.
Corollary 4.14. Every locally compact group that can act effectively on a connected cohomology manifold over a field of characteristic 0 has finite dimension.
For actions on genuine manifolds, this is due to Montgomery [35] .
Proof. By Theorem 4.11, every compact subgroup has finite dimension, whence the corollary follows from the Mal'cev-Iwasawa Theorem (see Hofmann and Terp [27] ; cf. Abels [1] ), applied to the identity component.
Remark 4.15. Let G be a locally compact connected group that acts effectively on a connected cohomology n-manifold X over a field F of characteristic 0. Then the dimension of G is finite. If X is orientable, then for any totally disconnected compact subgroup N of G, the orbit space X/N is a cohomology n-manifold over F . (This follows from Raymond's Theorem 4.4, the hypotheses of which are satisfied by Corollary 4.3 and Skljarenko [46, Theorem 18] .) The subgroup N may be chosen to be normal and such that the quotient G/N is a Lie group. Thus, the action of G on X is closely related to the action of the Lie group G/N on the cohomology n-manifold X/N .
If X is not assumed to be orientable, we have the following partial substitute for this technique. Let K be a compact subset of X. Then there are open connected orientable subsets U 1 , . . . , U m of X and totally disconnected compact normal subgroups N 1 , . . . , N m of G such that the sets U j cover K, the quotient groups G/N j are Lie groups, each set U j is invariant under the group N j , and the action of N j on H In particular, if the cohomology manifold X is compact, then the group G has a totally disconnected compact normal subgroup N such that G/N is a Lie group and X/N is a cohomology n-manifold over F (even if X is not orientable).
